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Abstract
We present all order results for the heavy top corrections to the ρ param-
eter in the complex mass scheme. We derive translation formulas between
the complex mass and the on-shell scheme and show that they are ultimately
equivalent. We show that a naive treatment with a fixed width for the top
quark cannot give even approximately correct results.
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1 Introduction
In a recent paper [1] the SU(NF )×U(1) model at the leading order in the large NF -limit
has been used in order to compute the exact leading top quark contribution to the ρ
parameter and its perturbative expansion to all orders in the interaction strength. This
paper improved earlier calculations [2] along similar lines.
In the SU(NF ) × U(1) model the exact top quark propagator, at the leading order
in NF , can be obtained simply by resumming one-loop self-energy insertions, thereby
including the finite width effects due to the fact that the top quark is an unstable particle.
The goal of this Letter is to compare the results obtained in Ref. [1], by adopting the
on-shell scheme in order to renormalize the self-energy insertions, with those that one gets
within the framework of the complex mass scheme [3]. The complex mass scheme has been
developed in order to provide a gauge invariant treatment of resonances [4] and consists
in choosing the whole complex pole of the resummed propagator (instead of its real part
only) as the renormalization point.
At the perturbative level the two renormalization schemes can be compared by expand-
ing the coefficients of the complex subtraction point in powers of the interaction strength
of the theory in the on-shell scheme. The simplified perturbative framework provided by
the SU(NF )×U(1) model at the leading order in NF can be successfully used as a testing
ground for the predictions on measurable quantities in different renormalization schemes.
In particular the leading top contribution to the ρ parameter has been computed to all
orders in perturbation theory both in the on-shell [1] and in the complex mass scheme. As
we demonstrate in this Letter, it turns out that the two results coincide, order by order in
perturbation theory, once they are expressed as series in powers of the same interaction
strength.
Finally, the independence from the chosen renormalization scheme can be proven also
beyond the perturbative approximation. In this connection the prescription of subtracting
minimally the tachyon pole from the resummed propagator [1, 5] can be used both in the
on-shell and in the complex mass scheme in order to find a tachyon-free representation of
the top propagator. The latter allows us to determine the exact leading top contribution
to the ρ parameter, thereby showing the equality of the two renormalization schemes.
2 Top quark self-energy
In this Section we shall discuss the renormalization of the top quark self-energy in the
complex mass scheme and derive the exact top propagator at the leading order in the
large NF limit. Moreover, a comparison with the on-shell scheme will be presented. Here
and in the subsequent Sections, we will follow the notation introduced in Ref. [1].
The exact bare top quark self-energy at the leading order in the large NF limit is given
2
by
Σt(p) =
√
2
16π2
GF m
2
t,0NF
[ 2
D − 4 + log
(
− p
2
Λ2B
− iǫ
)]
p/ω+ , (1)
where mt,0 is the bare top quark mass, while ΛB is a regulator-dependent quantity with
the dimension of a mass whose explicit expression is not needed in the subsequent analysis.
The natural way to incorporate the finite width effects of an unstable particle is the
resummation of the corresponding self-energy insertions. This leads us to consider the
Dyson resummed top quark propagator instead of the Born one. We report here only the
component of the resummed propagator with positive chirality because it is the only one
which gives a non-vanishing contribution to the ρ parameter.
Dt(p) =
i p/ a0(p
2)ω+
a0(p2) p2 −m2t,0 + iǫ
, where
a0(p
2) = 1−
√
2
16π2
GF m
2
t,0NF
[ 2
D − 4 + log
(
− p
2
Λ2B
− iǫ
)]
. (2)
In the on-shell renormalization scheme one requires that the real part of the denominator
of the resummed propagator in the above equation vanishes when evaluated at a real
subtraction point, p2 = m2t . This allows us to express the bare mass of the top quark in
terms of the subtraction point mt
m2t,0 = Re[a0(m
2
t )]m
2
t = m
2
t − αt
[ 2
D − 4 + log
(m2t
Λ2B
)]
m2t ,
where αt =
√
2
16π2
GF m
2
t NF . (3)
By substituting the above equation into eq.(2), we obtain the on-shell renormalized
top quark propagator at the leading order in the large-NF limit
D̂t(p) =
i p/ a(p2)ω+
a(p2) p2 −m2t + iǫ
, where a(p2) = 1− αt log
(
− p
2
m2t
− iǫ
)
. (4)
In the complex mass scheme (see for instance Ref. [4]) one introduces a complex sub-
traction point, namely µ2t = m
2
t,c(1− i wt), and requires that both the real and the imagi-
nary part of the denominator of the resummed top propagator (2) vanish when computed
at p2 = µ2t . This gives us the following conditions
m2t,0 = Re[a0(µ
2
t )µ
2
t ] , Im[a0(µ
2
t )µ
2
t ] = 0 . (5)
In order to evaluate the top quark self-energy at a complex square momentum, we
perform the appropriate expansion about the real part of the complex subtraction point
a0(µ
2
t ) = a0(m
2
t,c) +
∞∑
j=1
(µ2t −m2t,c)j
j!
a
(j)
0 (p
2)|p2=m2t,c , (6)
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where a
(j)
0 (p
2) is the j-th derivative of a0(p
2) w.r.t. its argument. By using the definition
of a0(p
2) in the second line of eq.(2) and the above expansion, one can easily get
a0(µ
2
t ) = 1−
√
2
16π2
GF m
2
t,0NF
[ 2
D − 4 + log
(m2t,c
Λ2B
)
+
1
2
log
(
1 + w2t
)
− iπ − i arctanwt
]
. (7)
The bare top quark mass in the complex mass scheme reads
m2t,0 = m
2
t,c − αt,c
[ 2
D − 4 + log
(m2t,c
Λ2B
)
−W
]
m2t,c , where
αt,c =
√
2
16π2
GF m
2
t,cNF , while with
W = −1
2
log
(
1 + w2t
)
+ πwt + wt arctanwt , (8)
we denote the finite width effects that stem from the requirement of subtracting the whole
complex pole instead of its real part.
By substituting the bare top quark mass given in the first line of eq.(8) into the Dyson
propagator (2), one obtains the renormalized top quark propagator in the complex mass
scheme
D̂t,c(p) =
i p/ ac(p
2)ω+
ac(p2) p2 −m2t,c + iǫ
, where
ac(p
2) = 1− αt,c
[
log
(
− p
2
m2t,c
− iǫ
)
+W
]
. (9)
In order to determine the imaginary part of the subtraction point µt, we impose that the
imaginary part of the denominator of the above propagator vanishes when evaluated at
p2 = m2t,c(1− i wt). By doing this, we get the following nonlinear equation
wt − αt,c(1 + w2t )(π + arctanwt) = 0 , (10)
which will allow us to express wt directly in terms of physical renormalized quantities.
At the perturbative level, the comparison between the on-shell and the complex mass
scheme can be achieved by expanding the coefficients of the complex subtraction point,
m2t,c and wt, in powers of the interaction strength of the theory in the on-shell scheme, αt.
Clearly, at the leading order in αt, one should recover the subtraction point in the on-shell
scheme, thus m2t,c = m
2
t + O(αt) and wt = O(αt). The first coefficient in the expansion
of the imaginary part of the complex subtraction point can be obtained by solving the
linearized version of eq.(10), which gives wt = π αt + O(α
2
t ). Therefore we postulate the
following perturbative expansions
m2t,c = m
2
t
∞∑
j=0
aj α
j
t , with a0 = 1 , thus αt,c = αt
∞∑
j=0
aj α
j
t ,
wt = π αt
∞∑
j=0
bj α
j
t , with b0 = 1 . (11)
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If we substitute the expansions in the above equation into eq.(10), we can solve the latter
in the sense of formal power series. This allows us to express the coefficients {bj} in terms
of the expansion coefficients of m2t,c. We report here only the first few of them, since the
general expression is rather cumbersome.
b1 = 1 + a1 ,
b2 = 1 + π
2 + 2a1 + a2 ,
b3 = 1 +
11
3
π2 + 3a1(1 + π
2) + a21 + 2a2 + a3 ,
b4 = 1 +
26
3
π2 + 2π4 + 4a1
(
1 +
11
3
π2
)
+ 3a21(1 + π
2) + 2a1a2
+ 3a2(1 + π
2) + 2a3 + a4 . (12)
In order to determine the coefficients {aj} we impose that the real part of the denom-
inator of the propagator in eq.(9), that is
p2 − αt,c
[
log
( p2
m2t,c
)
+W
]
p2 −m2t,c , (13)
vanishes to all orders in αt when evaluated at p
2 = m2t
3. The first expansion coefficients
turn out to be
a1 = 0 ,
a2 = −π2 ,
a3 = −5
2
π2 ,
a4 = π
2
(
π2 − 9
2
)
. (14)
If we substitute the above results into eq.(12), we get
b1 = 1 ,
b2 = 1 ,
b3 = 1− 5
6
π2 ,
b4 = 1− 23
6
π2 . (15)
By using eq.(15), we obtain the perturbative expansion of the finite width effects W in
powers of αt
W = π2 αt
[
1 +
3
2
αt + 2α
2
t +
(5
2
− 11
2
π2
)
α3t + (3− 5π2)α4t +O(α5t )
]
. (16)
3Notice that the same condition, but with p2 = m2t,c, cannot be imposed, since it is equivalent to the
requirementW = 0 and there is no possible choice of the coefficients {aj} for whichW vanishes identically.
5
2.1 Tachyonic regularization
Besides the complex pole at p2 = µ2t , corresponding to the unstable top quark, the prop-
agator in eq.(9) contains a tachyon pole. Its Euclidean position, p2 = −Λ2T,c, can be
obtained by solving numerically the following equation
1 +
1
λ2T,c
= αt,c
[
log (λ2T,c) +W
]
, where λ2T,c =
Λ2T,c
m2t,c
. (17)
The tachyon pole induces causality violation effects in the theory and makes all the Wick-
rotated Feynman integrals ill-defined. Following the procedure devised in Ref. [5], we
modify the top propagator in eq.(9) by subtracting minimally from it the tachyonic pole.
This leads us to the following tachyon-free representation of the resummed top propagator
D̂t(p) =
i p/ω+
1− κc
[ ac(p2)
ac(p2) p2 −m2t,c
− κc
p2 + Λ2T,c
]
, where
κc =
1
1 + αt,c λ2T,c
≈ 1
αt,c
exp
(
− 1
αt,c
)
(18)
is the residuum at the tachyonic pole. The approximation of κc in the second line of the
above equation stems from the leading term of eq.(17). Moreover, in the same equation,
the prefactor 1/(1 − κc) ensures the correct normalization of the spectral function after
the subtraction of the tachyon (see Ref. [1] for further details).
In order to compare the numerical results for the tachyonic pole in the complex mass
scheme with those obtained in the on-shell scheme [1], we expand λ2T,c in powers of αt
λ2T,c = λ
2
T
∞∑
j=0
cj α
j
t , with c0 = 1 , (19)
where Λ2T = m
2
t λ
2
T is the Euclidean position of the tachyon in the on-shell scheme. It can
be determined by solving numerically the following equation
1 +
1
λ2T
= αt log (λ
2
T ) . (20)
If we substitute the expansions in eqs.(11), (16) and (19) into eq.(17) and we neglect the
term 1/λ2T,c, we get
1 =
(∑
j=0
aj α
j
t
) [
1 + αt log
(∑
k=0
ck α
k
t
)
+ αtW
]
. (21)
The above equation can be solved in the sense of formal power series, giving us the
expansion coefficients {cj}. We list here the first few of them.
c1 = 0 ,
c2 = π
2 ,
c3 =
5
2
π2 ,
c4 =
9
2
π2 . (22)
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It is interesting to notice that the expansion coefficients of λ2T,c have the following remark-
able property
n∑
j=0
aj cn−j = 0 , ∀n ≥ 1 . (23)
The above relation entails that αt,c λ
2
T,c = αt λ
2
T and consequently that the position of
the tachyon pole and its residuum are the same in the on-shell and in the complex mass
scheme, i.e. ΛT,c ≡ ΛT and κc ≡ κ.
3 Perturbative top contributions to the ρ parameter
In this Section we shall use the resummed top propagator in eq.(9) in order to compute
perturbatively the leading contributions in the top quark mass to the ρ parameter. We
will also show that the result one obtains in the framework of the complex mass scheme
coincides, upon rearranging the perturbative series in powers of αt, with the one in the
on-shell scheme.
At tree level ρ = 1 due to a global accidental symmetry, the so-called custodial sym-
metry. At the leading order in the top quark mass, radiative corrections to ρ stem from
the transversal part of the (unrenormalized) self-energies of the vector bosons W and Z
in the low energy limit
∆ρ =
ΠZ
M2Z
− ΠW
M2W
, where with
ΣµνV (p
2 = 0) = ΠV g
µν , V =W,Z , (24)
we denote the vector self-energies at zero external momentum.
Since the functional form of the resummed top propagator in the on-shell and in the
complex mass scheme is the same, we can simply take the result obtained in Ref. [1] for
∆ρ
∆ρ = i
√
2NcGF m
4
t,c
∫
d4q
(2π)4
1
[ac(q2) q2 −m2t,c]2 q2
. (25)
Although both IR- and UV-convergent, the above expression is ill-defined due to the
presence of a tachyon pole. In particular the Wick rotation cannot be performed because
the resulting integral would be divergent. However, since the tachyon is a non-perturbative
effect, after expanding the denominator in eq.(25) in powers of αt,c, we can perform the
Wick rotation and the integration over the solid angle, finding
∆ρ =
Nc
NF
αt,c
∞∑
j=0
(j + 1)αjt,c
∫
∞
0
dx
xj ( log x+W )j
(1 + x)(j+2)
, (26)
where the dimensionless variable x is given by x = − q2
m2t,c
.
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All of the integrals in eq.(26) can be computed by using the techniques developed in
Ref. [1]. We give here only the final result.
∆ρ =
Nc
NF
∞∑
j=0
rj α
(j+1)
t,c , where
rj =
j∑
l=0
[l/2]∑
k=0
2cl(j)
l! W (l−2k)
(l − 2k)!
(
1− 2(1−2k)
)
ζ(2k) . (27)
The combinatorial coefficients cl(j) are related to the problem of grouping together l
objects out of a total of j without repetitions. Their explicit expression has been given in
Ref. [1]. Moreover ζ(z) denotes the Riemann zeta function and finally [·] is the integer part
of a real number. We report here the first few coefficients of the perturbative expansion
of the ρ parameter
r0 = 1 ,
r1 = 1 +W ,
r2 = 1 +
1
3
π2 + 3W +W 2 ,
r3 = 1 +
11
6
π2 + (6 + π2)W +
11
2
W 2 +W 3 ,
r4 = 1 +
35
6
π2 +
7
15
π4 +
(
10 +
25
3
π2
)
W +
(35
2
+ 2π2
)
W 2 +
25
3
W 3 +W 4 . (28)
Upon expanding the finite width effects, W , in powers of αt,c
4, we get the perturbative
expansion of ∆ρ in the framework of the complex mass scheme.
∆ρ =
Nc
NF
αt,c
[
1 + αt,c +
(
1 +
4
3
π2
)
α2t,c +
(
1 +
19
3
π2
)
α3t,c +
(
1 +
55
3
π2 +
52
15
π4
)
α4t,c
+
(
1 +
125
3
π2 +
1406
45
π4
)
α5t,c +O(α
6
t,c)
]
. (29)
It turns out that if we substitute the perturbative expansion of αt,c in eq.(11) into
the above equation and we reorder the series in powers of αt, we obtain exactly the same
perturbative expansion as in the on-shell scheme, namely
∆ρ =
Nc
NF
αt
[
1 + αt +
(
1 +
1
3
π2
)
α2t +
(
1 +
11
6
π2
)
α3t +
(
1 +
35
6
π2 +
7
15
π4
)
α4t
+
(
1 +
85
6
π2 +
959
180
π4
)
α5t +O(α
6
t )
]
. (30)
This means that for an observable quantity, like the ρ parameter, the two renormalization
schemes give identical results to all orders in perturbation theory. Moreover, we notice
4We remark that W can be expressed as a formal power series in αt,c first by solving eq.(10) without
expanding αt,c in powers of αt and then by plugging the solution into the third line of eq.(8). Since the
technique has been already illustrated in Sec. 2, we simply report here the final result
W = pi2 αt,c
[
1 +
3
2
αt,c +
(
2 + pi2
)
α
2
t,c +
(
5
2
+
55
12
pi
2
)
α
3
t,c +
(
3 + 13pi2 + 2pi4
)
α
4
t,c +O
(
α
5
t,c
)]
.
8
that, although both the perturbative expansions in the on-shell (30) and in the com-
plex mass scheme (29) are divergent asymptotic series, the coefficients of the former are
systematically smaller. This means that the perturbative expansion of the ρ parameter,
considered as a formal power series, has a better behaviour in the on shell scheme, since
at fixed order the neglected terms are smaller. Therefore the on shell mass appears to be
more directly connected with the value of the radiative corrections. However, one cannot
rigorously say it is more physical.
4 Nonperturbative top contributions to the ρ parameter
In this Section we shall use the tachyon-free representation of the resummed top propagator
(18) in order to compute nonperturbatively the exact leading top quark contribution to
the ρ parameter at the leading order in the large NF -limit. It turns out that the result in
the framework of the complex mass scheme coincides with the one in the on-shell scheme,
proving in this way the independence of our procedure from the chosen renormalization
scheme.
The contribution of the tachyonic subtraction term in eq.(18) to the leading top con-
tribution to ∆ρ can be computed following the procedure discussed at length in Ref. [1].
We report here only the final result.
∆ρ =
Nc
NF
αt,c
1
(1− κ)2
∫
∞
0
dx
[
1
ac(−x)x+ 1 +
κλ2T,c
x− λ2T,c
]2
. (31)
After shifting the integration variable about the tachyon pole, y := x − λ2T,c, and using
the pole equation (17), we get
∆ρ =
Nc
NF
αt,c
1
(1− κ)2 ×∫
∞
−λ2
T,c
dy
{
1
1−
(
1 + y
λ2
T,c
)[
1 + αt,c λ2T,c log
(
1 + y
λ2
T,c
)] + κλ2T,c
y
}2
. (32)
Since the location of the tachyon does not depend on the renormalization scheme, one has
λ2T,c =
λ2T
R
, where R =
m2t,c
m2t
=
αt,c
αt
. (33)
Finally if we rescale the integration variable, y˜ := Ry, we immediately obtain the exact
leading top contribution to the ρ parameter in the on-shell scheme. This concludes the
proof of the equivalence of the two renormalization schemes.
It is interesting to determine the behaviour of the interaction strength of the theory
in the complex mass scheme, αt,c, as a function of the same quantity, but computed in
the on-shell scheme, αt. First of all we solve numerically eq.(10). It turns out that this
equation admits two solutions for 0 < αt,c < 0.128, while no solution exists for bigger
9
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Figure 1: Comparison between the exact behaviour of αt,c and its perturbative expansion
at the second, fifth and tenth order
values of αt,c. The bigger solution is unphysical because it diverges in the limit αt,c → 0
and thus we discard it. Then, the physical solution of eq.(10) can be used in order to get
the finite width effects W . Finally, we compute the ratio R by imposing the condition in
eq.(13)
R− αt,c logR+ αt,cW − 1 = 0 . (34)
It turns out that the exact numerical result for αt,c(αt) shows a linear dependence on αt
for αt < 0.1 and a typical saturation behaviour for bigger values of αt (see Fig. 1). The
perturbative expansion of αt,c (14) nicely reproduces this behaviour due to the fact that
its terms have alternating signs.
5 Naive fixed-width calculation
While in our simplified case it is possible to calculate all orders in perturbation theory, this
is not generally possible in more complicated cases like the Standard Model. By necessity,
one therefore often calculates with a fixed-width Breit-Wigner propagator within the loop.
In this way, one of course gets the lowest order correction correct, but one could ask the
question whether the contribution from the fixed-width captures a part of the higher-loop
corrections correctly at least approximately. Within the fixed-width approximation the
Fermi constants extracted from the low-energy limit of a neutral and a charged current
process, i.e. G0F and G
+
F respectively, become complex quantities. Thus, already at the
one-loop level, one finds a complex ρ parameter
ρc =
G0F
G+F
=
1
1−∆ρc = 1 +
Nc
NF
αt,c(1− iwt) . (35)
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What one measures is of course the absolute value of the ratio G0F /G
+
F and one defines
∆ρ on this basis. Using this naive prescription we find the following formula for the
perturbative expansion of ∆ρ in powers of αt:
∆ρ =
Nc
NF
αt
[
1− π2α2t −
5
2
π2α3t +O(α
4
t )
]
. (36)
From the above equation, we see that the coefficients do not match even approximately
the exact result (30). The subleading term of O(α2t ) is actually absent. We conclude
therefore, that there is no shortcut to estimate the effects of higher orders. One really has
to calculate them.
6 Conclusions
In this Letter we considered the SU(NF ) × U(1) model at the leading order in the large
NF -limit in the framework of the complex mass scheme. We computed the exact leading
top quark contribution to the ρ parameter and its perturbative expansion to all orders
in perturbation theory, showing that they coincide with the same results obtained by
adopting the on-shell renormalization scheme.
At the perturbative level, a comparison between the two renormalization schemes is
obtained by expanding the complex subtraction point, µt, in powers of the interaction
strength of the theory in the on-shell scheme, αt. This expansion allows us to convert
the perturbative definition of any observable quantity in the complex mass scheme to the
on-shell scheme.
In order to go beyond the perturbative approximation, one has to take care of the
tachyonic pole which is present in the exact top propagator. It turned out that both the
Euclidean position of the tachyon and its residuum do not depend on the chosen renor-
malization scheme. We regularized the resummed propagator by subtracting the tachyon
minimally at its pole. Although not unique, this procedure allows to define a tachyon-free
representation of the exact top propagator which respects gauge invariance. The latter
has been used to determine an expression (31) for the exact leading top contribution
to the ρ parameter which can be evaluated numerically. The exact numerical results in
the two renormalization schemes considered coincide, being related by a change of the
Feynman-like integration variable.
We showed that a naive treatment with a fixed width for the top quark cannot give
even approximately correct results.
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